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SCHWARZSCHILD METRIC 
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Abstract. We study the semilinear wave equation in Schwarzschild 
metric (3 + 1 dimensional space-time). First, we establish that the 
problem is locally well-posed in W for any a > 1; then we prove the 
blow up of the solution for every p £] 1,1 + V2[ and non-negative non- 
■ trivial initial data. 
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1. Introduction 

Consider the manifold 



M = Rxn, Q = {(r,w) : r > 2M, lo G § } = (2M, oo) x S 2 , 

equipped with the Schwarzschild metric having the form (see chapter V in 
Q ■ [SI or chapter 31 in [32]): 

.2 



q| (1.1) g = F{r)dt 2 - F(r)~ l dr 2 -r 2 dw< 

Here 

Qh' , v 2M 

J: no = i-— , 

the constant M > has the interpretation of mass and dw is the standard 
^ | metric on the unit sphere S 2 . 

The D'Alembert operator associated with the metric g is 



1 ^ F„ . „.„ F 



X: □ 9 = ^(^ 2 -^ r (r 2 F)a r -^A s2 



where A S 2 denotes the standard Laplace-Beltrami operator on S 2 . 

Our goal is to study the existence of global solution to the corresponding 
Cauchy problem for the semilinear wave equation 

(1.2) U g u = \u\ p in [0,oo[xfJ. 

This problem can be considered as a natural analogue of the classical 
semilinear wave equation 

(1.3) n go u=\u\ p in[0,oo[xR n , 
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where go is the flat Minkowski metric 

(1.4) g = dt 2 - dr 2 -r 2 dw 2 . 

It is well-known (see [E], QH, EU, EE], EU, EH], El, [HI or the review in 
[H] for a more complete list of references on the subject) that for any space 
dimension n ^ 2, there exists a critical value po = po{n) > 1 such that 
the Cauchy problem for (|l.Hj) admits a global small data solution provided 
P > Po(n). 

For subcritical values of p ^ £>o( n ), a blow-up phenomenon is manifested. 
In the case of space dimension n = 3, the critical exponent is po(3) = 1 + v2, 
while in the general case of space dimension n ^ 2, the critical exponent is 
defined as the positive solution to 

(re - l)j> 2 - (re + l)p - 2 = 0. 

The blow up results in [T5]. [TH]. [FT]. |2fi]. [57] require a suitable comparison 
principle for the free wave equation. One further remark is connected with 
the fact that the critical exponent po(n) is the same for the smaller class of 
radially symmetric solutions. 

The dispersive properties of the solution to the linear problem 

(1.5) D g u = $ in[0,oo[xn 

with zero initial data, depend essentially on the distribution of resonances 
for the operator 

(1.6) P= F dr{r 2 F)dr + E-A s2 . 

This problem is studied in , [2H] and in it is shown that the resolvent 
R(z) = (z 2 — P)~ 1 can be extended as a meromorphic function (as an opera- 
tor from C§°(n) to C°°(n)) from {z eC;9o 0} to C\iR. The result in (2EJ 
shows that the resolvent can be extended further to a meromorphic function 
in the whole complex plane C. The corresponding poles of the resolvent are 
called resonances and they are isolated and have finite rank. Moreover, there 
exists a strip of type 

(1.7) {z eC;\%z\ <e} 

free of resonances. This phenomena is similar to the situation of the exterior 
domain of several convex obstacles, studied in [121, where similar domain free 
is resonances is found. The approach in ^21 leads to exponential decay of 
the local energy with derivative losses. For corresponding result for curved 
metrics under additional non - trapping condition one can see |21j . 

Despite of these results it seems ( according to the knowledge of the au- 
thors) that the proof of some concrete dispersive estimates for the wave 
equation in Schwarzschild metric meets the essential difficulty that there is 
no simple explicit representation of the corresponding fundamental solution 
to the D'Alambert operator in Schwarzschild metric. Similar difficulty is 
manifested, when one tries to adapt the approach of F.John from [EI, HM 
to the semilinear problem (jl.2|) and to show blow - up for some subcritical 
values of p. 
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Our main goal in this work is to study the semilinear wave equation in 
the presence of Schwarzschild metric and to show a blow - up result for 
1< p < 1 + y/2. 

The first step is to study the local (in time) Cauchy problem and to show 
the well-posedeness in suitable Sobolev spaces. 
Introducing the Regge- Wheeler coordinate 

(1.8) s(r) = r + 2Mlog(r-2M), 

we can rewrite equation 111.211 as (see section 

2F „ F 

t)^u — bgU — 

where 



(1.9) d?u — dgU r^dsU ^A S 2n = F\u\ p , 

r{s) ' r(sY 



r(s) 

and r(s) is the function inverse to (|l,8j) . 

For simplicity (and with no loss of generality), we shall restrict our con- 
siderations to the case of solutions of the form u = u(t,s). Then is 
simplified to the following equation: 

IF 

(1.10) d?u - d 2 s u - — -d s u = F\u\ p . 

r{s) 

Making further the substitution (see section |2J 

, . v(t,s) 
r(s) 

we obtain the semilinear problem 

(1.11) dfv + Gv = Fr 1 ~ p \v\ p , 
where 

(1.12) a--**™. 



First, we study the local existence of the solution to the Cauchy problem 

jdfv + Gv = Fr^lvf, 
[ v(0,s) = v Q (s), d t v(0,s) = vi(s). 



(1.13) 



Our next result states that the problem is locally well-posed in FT 7 for any 
a ^ 1. 

Theorem 1.1. Given any a ^ 1 and any real number R > 0, one can find 
T = T(R) so that if the initial data 

D £H ff (R), WieH^fR) 

satisfy 

II u oIIh ct (r) + II^iIIh^-^r) ^ 

then the Cauchy problem l|1.13|l has a unique solution 

v(t,s) £ e°([0,T[;H ,7 (R))ne 1 ([0,T[;H CT - 1 (R)). 
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To study the maximal time interval of existence of solutions to the wave 
equation in Schwarzschild metric 



;i.i4) 



D g u = \u\ p in[0,oo[xfi, 
u(0) = Uq, u t (0) = u\ in Q, 



we suppose that our initial data are radial 

u Q = u (r),m = m(r), (« ,Ml) G H 2 ((2M,cx))) x H^pM.oo)) 



and that there exists a compact interval B = B(ro, R) = {\r — tq\ ^ R} C 
(2M,oo), so that 



11.15) 



uo(r) , u±(r) ^ almost everywhere, 

^o( r ) = ui(r) = for |r — ro] ^ -R, 

J^ Uj (r)dr^e J = 0,1 



for positive constants e, > and ro = ro(e,p) G fJ. We also assume 
that ro is near 2M for p G]2, 1 + y/2[, far from it for p g]1, 2[ (we make no 
assumption in the case p = 2). 

Now we can state the main result. 

Theorem 1.2. For any p, 1 < p < 1 + v2 t/iere ea;isfe a positive number £o 
so £/iai /or any e G (0,£o) there exists ro = ro(p,e) and R = R(p,e) so that 
for any initial data 



u 



n (r),m =m(r), (uq,ui) G H 2 ((2M, oo)) x H 1 ((2M, oo)) 



satisfying 11. Iffy in B = B(ro, i?), i/iere e^isis a positive number T = T(e) < 
oo and a solution 

nG nl =0 e fc ([0,T[;H 2 ^((2M,oo)) 

of \l.lJjfy such that 

lim ||n(t)|| L 2 ((2 M,oo)) = oo. 
t/ i 

The above result means that the wave equation in Schwarzschild metric 
has a similar critical exponent as the free wave equation. However, the proof 
we follow here suggests that the lifespan of the solution has a completely 
different behavior — it might be much longer than in the corresponding flat 
case ( see lemma E21 below). 

The main difficulty to establish the blow up of the solution is connected 
with the sign changing properties of the fundamental solution of the linear 
wave equation in Schwarzschild metric (or more generally in curved metrics). 
For the case of flat 1 + 3 Minkowski metric the fundamental solution is non 
- negative and this property is used effectively in the study of the blow - up 
phenomena for the corresponding semilinear wave equation. 

The proof of the main theorem is based on the application of a variant of 
the classical Kato's lemma (see lemma l3~T1 below) for an average of type 

(1.16) / v(t,s)Ms)ds, 
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where v is a solution to (jl.lljl and ipo = tpo — D > 0, with (po being a suitable 
solution to 

( ^ 2MF\ 
(1.17) ("^ + = 0. 

In the flat case (i.e. in the case M = 0), it is trivial that 1)1.17(1 has a 
bounded solution (all constants are bounded solutions). However, in the case 
of M > 0, we shall find a special solution satisfying the following conditions 
at infinity: 



:i.i8) 



\<Po(s) - bs\ < log (2 + s) for s ^ 0, 
(fo(s) ~ \s\ e s /2M if s — > — oo 



(see section 01 for the notations). This different asymptotic behavior of the 
solution to the elliptic equation Gtpo = interacts with the factor F in the 
right side of equation 1)1.11(1 . 

In this way, we are able to handle the domain near the black hole and to 
show that a suitable modification of the classical Kato's lemma works well. 

2. Reformulation of the problem and local existence result. 
The D'Alembert operator in the metric 1)1.1(1 has the form 

(2.1) □ 9 = I M -?( 1 -f) 8r --lA s ,, F ^-Vf. 

Introducing the Regge- Wheeler coordinate 

(2.2) s{r) = r + 2Mlog(r - 2M), 
we have the relation 

r 

— dr = ds 

r-2M 

and the metric 1)1.1(1 becomes 

(2.3) g = F ( dt 2 - ds 2 - A(s) 2 doj 2 ) , 
where 

r(s) r(s) 



(2.4) A( S ) 



and r(s) denotes the function inverse to 1)2.2(1 . Hence the Schwarzschild 
metric g is conformal to the metric dt 2 — g, where g is the following metric 

(2.5) g = ds 2 + A(s) 2 dca 2 

on the cylinder M = R x S 2 . 

The Laplace-Beltrami operator associated with the metric g has the form 



_o 2 / 3M\ n 1 
d 2 + - 1 a + — 



(2.6) A- g = dt + - \l - — j d s + ^ A s2 . 

In the sequel, we shall need the following asymptotic estimates for the 
functions r(s), F(s), A(s) (which follow trivially from 1)2.2(1 ). 
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Lemma 2.1. There exist positive constants C 2 > C\ > such that the 
functions 

2M , , , r(s) 

r(s), F(s) = 1 - — , A(s) - 



r(sY ^Fjs~) 
satisfy the estimates 

( Cis ^ r(s) < C 2 s if s^2, 

(2.7) \ Ci < r(s) < C 2 ./ |s| < 2, 
[ Ci e s ' 2M < r(s) - 2M < C 2 e s / 2M i/ s < -2; 

f |F( S ) - IK C 2 /s i/ s> 2, 

(2.8) { Ci < F{s) < C 2 i/ |s| < 2, 
( Ci e s/2M < F(a) ^ C 2 e s / 2M 2/ s < -2; 

( ds < A(a) < C 2 s i/ s > 2, 

(2.9) i Ci < A(a) < C 2 if \s\ < 2, 
( Ci e" s / 4A/ < A(s) < C 2 e" s / 4M i/ s < -2. 

Further, we have the relations F<9 r = d s and 
2M ( 2M 

= -1-- 



(0 


2M 


r 


2M\ 


2 


r j 



and this implies 

2M 
r(sY 

In this way, from ()2.1j) we obtain the relation 



(2.10) F 2 d 2 = d 2 - ^P^ds. 



(2.11) FD g = d 2 - d 2 - ^d s - ^A S2 = d 2 - A, - 2 -^d s 

and the problem (11.211 takes the form ljl.9|l . i.e. 

2F F 

(2.12) d?u - d 2 u - -^-d s u - —-^A S 2U = F\u\ p . 

r(s) r(s) z 

Now, we make the change 

(2.13) u = wv, 
where 

w = w(s) 

will be chosen appropriately. We have the relations 

d s (wv) = vd s w + wd s v, 

d 2 (wv) = vd 2 w + 2d s vd s w + wd 2 v, 
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and from (|2.12p we obtain the equation 



wd 2 v — wdgV — 2 ( d s w H — tt w ) d s v 



F 

r(s) 

(2-14) ( ra 2F a \ F 

— o s w-\ — r^dgW v -~^wA S 2V 

\ r{s) J r{s) z 

= F\w\ p \v\ p . 
If we want to cancel the coefficient 

d s W + —r-rW, 
r(s) 

then a simple computation shows that we have to take 

1 



(2.15) w(s) 

moreover, with this choice, we have 

2 IF ( 3M' 



r(s) 2 \ r ( s ) , 
These calculations enable us to rewrite 1)2.14(1 as follows: 

2 Af F W 

(2.16) dfv - d 2 s v + — —v - A S 2V = F\w\ p ~ l \v\ p . 

At this point, with no loss of generality, we can restrict our attention to 
the class of solutions of the form v = v(t,s). Then equation l)2.1fi() can be 
simplified further to the following one: 

(2.17) d 2 t v + Gv = Fr l ~ p \v\ p , 
where 

(2.18) c = -« + ^; 

therefore, if we set / = f{s) = F(s)r(s) 1 ~ p , theorem II. 21 is equivalent to the 
following. 

Theorem 2.1. Let consider the Cauchy problem 

' v u + Gv = f\v\ p m[0,T[xR, 
^v(0, s) = v Q (s), vt(0, s) = vi(s) in R, 

with initial data {vq,v\) G H 2 (R) x H 1 (R) such that 

(vq(s), vi(s) ^ almost everywhere, 

vo(s) =v 1 (s) = for \s - s | > R, 

f R Vj(s)ds^e 3=0,1 

for a positive constant R and sq = sq(e,p) 6 R so that, forp ^ 2, we have 

Wm. E A \so{e,p)\ = Wl > 

and 

(s >0 forp€]l,2[, 
\s <0 forpe]2,l + V2[. 



(2.19) 
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Then, for each p6]l,l + V^[, there exists a positive number T < oo and 
a solution 

«£nL o e fc ([0,T[;H"(R)) 

of (l2~T51) such that 

lim (||«(t)||iP(R) + \\dtv(t)\\ H i {R) + ||^(t)|| L2(R) ) = oo. 
1/ i 

More precisely, we shall show that 



lim F(*)IIl2(r) = oo 

t/ 1 

(see section 03). 

It is not difficult to see that G is a non-negative symmetric operator in 
the Hilbert space L 2 (R, ds) with dense domain H 2 (R). Thus the estimates 
of lemma 12. 1| together with the KLMN-theorem (see theorem 10.17 in |24|). 
imply that G is a non-negative self-adjoint operator. 

Indeed, one can consider the quadratic form 

f 2MF o 

(2.21) B(h, h) = (8 s h, d s h) L 2 (K4s) + / -^\h(s)\ 2 ds. 



To apply the KLMN-theorem, it is sufficient to verify the estimate 
(2.22) f V(s)\h(s)\ 2 ds^a I \d s h(s)\ 2 ds + b\\h\\l HR>ds) 
with < a < 1, 

2MF(s) 



V(s) 



r(s) 3 

and h £ H 1 (R). This estimate follows from lemma l2~Tl with a = 0. 
Let consider the Cauchy problem 

dfv + Gv = 



J t 

v(0,s) = v {s), d t v(0, s) = vi(s); 



(2.23) 

then the solution can be represented in the form 

. /- sin^v 7 ^) sin((t — t)\/G) . . 

v(t) = cos(tVG)v + ^ ' v 1 + / VV ;V > <5>{T)dT. 

VG Jo vG 

From this representation, we find 

IK*)llL 2 (R,<fe) < lbo||L 2 (R,ds) +*||wi||L2(R,ds) 

(2.24) ft 

+ / I* ~~ r l ll < ^( T )llL 2 (R,(is) 

r/r 

J 

and for any a > 1 we have 

l|G CT/ yt)|| L2(R>ds) < I|G ct/ ^o||l 2 (r,^) + l|G' (CT - 1)/2 ^|| L2(R , ds) 

(2.25) 



+ r||G (<T " 1)/2 ^WI|L 2 (R,d s )dr; 
J 



thus, using the equivalence 

l|G'' T/2 /l||L2(R,d s ) + ||/l||L2(R,ds) ~ INIh-(R), 
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we arrive at the energy estimate 

IK*)IIh*(r) < c|MIb>(r) + c(i + *)II^i|Ih ct - i (r) 

(2.26) rt 



+ C [ (l + |t-r|)||$(r)|| H a-i(R)dr 
J o 



(3.2) 



(3-3) 



for any a ^ 1 and a suitable constant C > 0. From this energy estimate and 
the Sobolev embedding H X (R) C L°°(R), we easily obtain the desired local 
existence result (theorem II 

3. Blow up with small initial data for p e]2, 1 + y/2[. 
We shall suppose 
(3.1) 2<p<l + v / 2 

and consider the Cauchy problem 

' v tt + Gv = f\v\ p in[0,T[xR, 
v(0,s) = v (s), v t (0,s) = vi(s) in R, 

with initial data (vq,vi) G H 2 (R) x H 1 (R) such that 

Vo{s), v±(s) ^ almost everywhere, 

v o(s) = v\(s) = for |s — so| > R, 

Jn v j( s ) ds ^ e 3=0,1 
for a positive constant e, R > and so £ R. We shall choose suitably 
•so = so(e) < in accordance with lemma l3~2l 

Theorem 3.1. If p e]2,l + y/2[ and the initial data (v ,fi) GH 2 (R)xH 1 (R) 
satisfy the assumptions l|3.3p with 

(3.4) s = s (e) < 
such that 

(3.5) lime A |s (e)| = oo > 0, 

e\0 

then there exists a positive number T < oo and a solution 

venl =0 e k ([o,T[;R 2 ~ k (R)) 

of (|2.19p such that 

lim (|K*)||h3(r) + II^WIIhHR) + II^ u (*)IIl2(R)) = oo. 

t / 1 

As we shall prove in the next section (lemmas 15.21 and I5.3|l , there exist 
two positive functions ifo and ipi belonging to C 2 (R) with the following 
properties: 

{(fo(s) ~ s for s — > oo, 

ipo(s) - D ~ e s / 2M for s ->• -oo; 

(G + l/4M 2 )(^i = 0, (^i(s)~e s / 2M if |s| — > oo, 

where D is a positive constant. 

Here and below, we shall use the notation 

f(s)~g(s) ifs^ioo, 



GVo = 0, 
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where f(s), g(s) are given functions, if there exist two positive constants 
C > 1 and N > such that g(s) / for ±s ^ N and 



for ±s > N. 
Similarly, 



means 



and 



c- i <44<^ 



f(s)~g(s) if|s|->oo 
f(s)~g(s) ifs^+cx) 



f(s)~g(s) ifs->-oo. 
On the other hand, the notation 

f(s)<g(s), 

where f(s), g(s) are given functions, means that there exists a positive con- 
stant C such that 

/to < Cg(s) 

for all s. 
Let 

ven 2 k=0 e k ([o,T[;R 2 ~ k (R)) 

be a solution of (|2.19j) : we set (see [EH, EH) 

(3.6) F (t)= / u(t,s)Vo(s)ds, Ft(t) = e -*/ 2M / S )<^to ds, 

Jr. Jr 

where 

(3.7) = <Po ~ D > 0. 
We have the following relations: 

02 , 2MF , 2MF 

(3.8) ^ o ___ V;o = jD __ ; 



(3-9) Voto 



s for s — > oo, 

e s/2M £ Qr s _^ —oo. 



Note that the above functions Fq,F\ are well-defined (thanks to the as- 
sumptions on the initial data) and Fq £ 6 2 due to the assumption 

«enLo^([o,T[;H 2 - fc (R)). 

Applying the technical lemma from the appendix (section 4), we find 
Fi(t)>e. 

We shall use in the sequel the following classical Kato's lemma (see |18j). 

Lemma 3.1. Suppose that p > 1, a ^ 1, and (p — l)a > q — 2. If V £ 

e 2 ([0,T[) satisfies 

(3-10) V(t)>(t + R) a , 

(3.11) V"(t)>(t + R)-iV(t) p 

for a positive constant R, then T < oo. 
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We shall need the following variant of this lemma. 
Lemma 3.2. Suppose that p > 1, a ^ 1, e G]0, 1[ and 

(3.12) (p-l)a>q-2. 

We assume that V(t) G 6 2 ([0,T[) and U(t) G C([0,T[) are non-negative 
functions that satisfy the following estimates 

(3.13) u(ty > (t + + e p (t + i?) a " 2 , 

(3.14) ^(0)>£, no)>e, 

(3.15) > C/(i) P - CU(t) 

for t G]0, T[. Suppose further that there exists a positive number 5 G]0, 1[ and 
£ftere ensfo T\ = T\ (e) < T swc/i ttai /or any positive A> we have 

(3.16) lime A Ti(e) = oo 
and 

(3.17) V"(t) > U{tY - e-™ U(t) for t G [0,^; 
then, for any integer N ^ 1, we have 

(3.18) V(t) + /ortGmATif, 
and T < oo. 

Proof. Assume that T = oo. Our goal is to arrive at a contradiction. 
Consider the function 

(3.19) K(x) = x p -Cx, 
where C > is the constant from l|3.15j) . For 

(3.20) x> x = 2C 1/ip - 1 \ 
we have 

(3.21) K{x) > x p . 

In a similar way, given T\ > 0, we can consider the function 

(3.22) K Tl (x) = x p - e~ STl x, 
where 5 > is the constant from (|3.17|) . For 

(3.23) x>x (T 1 ) = 2e-' 5Tl /( p - 1 ), 
we have 

(3.24) K Tl (x)>x p . 
Note that inequality l|3.13|) assures that 

(3.25) U(t) > e(t + R)^ a ~ 2 yP > e(Ti + R)( a ~ 2 )/P 
for t G [0,Ti] if a ^ 2, and 

(3.26) (t) > e(t + i?)^ 2 )^ > £j R( a - 2 )/P 

for t G [0, Ti] if a > 2. Now it is clear that choosing T\ = T\(e) > so 
that (|3.16p is satisfied, we can guarantee the following analogue of inequality 

(3.27) U(t) > s (Ti) = 2e" <5Tl /( p - 1 ) for t G [0,Ti]. 
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Indeed, the lower bound of U(t) is at most polynomially decaying (in T\) 
due to (|3.25p and l|3.26j) . while xq(T\) decays exponentially. 
Since (f3.23f) implies Ij3.24|) . we conclude that 

V"(t) > U(tf > e p (t + R) a ~ 2 for t G [0, T x [, 

and integrating this inequality twice, we obtain 

(3.28) V(t)>6?(t + R) a , V'it) > e p (t + R)"' 1 for t e]Ti/2, T x [. 
Now we apply (|3.13p and find 

(3.29) U{tf > (t + R) ap ~ q £ p2 . 
Setting 

(3.30) ai = ap - q + 2, pi = p 2 , 
we get the following analogue of (|3.13|) : 

U{t) p >(t + R)- q V{tf + e Pl (t + R) ai ~ 2 . 
Note that the assumption a(p — 1) > q — 2 implies 

(3.31) a\ > a. 

Repeating this argument, we define the following recurrence sequence: 

(3.32) a = a, a k +i = pa k -q + 2, p k+1 = pi 
for any k ^ 0, and obtain 

f3 33) [ U{tY ~ {t + R ^ qV{t ^ + £Pk+l{t + R ) ak+1 ~ 2 ' 

[ ' ' \V(t)>e p (t + Rr^. 

It is not difficult to see that a k tends to infinity. In fact, l|3.32|l implies 

(3.34) a k+ i -a k = p(a k - a k -i) ^ • • • ^ p k {a 1 - a ); 
so, from (|3.31|) and the assumption p > 1, we see that 

a k — ► oo. 

This proves (|3.18p . We can choose in particular k ^ 1 so that a k+ \ > 2 and 
fix this k. Then estimate l|3.33jl implies 

(3.35) U{T{) > 2x , 

where xo is the constant chosen in l|3.20j) . Once this inequality is satisfied, 
we can use (|3.13j) . (|3.15p and l|3.35j) . and see that 

(3.36) U(tf >{t + Ry q v(ty + e p {t + R) a ~ 2 , 

(3.37) U(T 1 )> 2x , V(T 1 )>2x , V\T X ) > 0, 

(3.38) V"(t) > U{tf - CU(t) 
for t G [T u 2Ti]. Let 

T 2 = sup{T > T x ; U{t) > x , t G [Ti,T[}. 
One can see that T 2 ^ 2T\. Indeed, for t G [Ti,T2[, we have 

V"(t) > U(tf; 
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hence, using inequality (|H.H6|I and integrating twice in t, we conclude that 
U.S. 33(1 are fulfilled for t E [Ti,T2[. Thus, at t = T2, we have 

U(T 2 ) > 2x 

and this inequality, combined with the definition of T2, guarantees that T2 ^ 
2Ti. 

Since (|3,33p are fulfilled for t £ [Ti, 2Ti], we are ready to obtain the desired 
contradiction. To see this, it is sufficient to note that the ordinary differential 
equation 

v"{t) > v r , 

with initial data 

^ 1, «'(Ti) ^ 

and 1 < r < p, has a finite lifespan. 
This completes the proof. ■ 

We want to apply this lemma with V = Fq, 

i/p 

U=[ I Moods' 



p and R as stated in theorem q = 3(p — 1) and with a = 4 — p — Eo for 
each Eq > 0. Note that this choice guarantees that the inequality 

(p - l)o - q + 2 > 

is equivalent to 

p 2 - (2 - e )p - (1 + e ) >0 
and this, for p > 1, means that 



P<l + V 2 + |-|; 

hence, choosing eo arbitrarily small, we get our result for every 

p€]2,l + V2[. 

First of all, we observe that the conditions in (|3.14p are trivially satisfied. 
Then, in order to prove estimate (|3.15p . we multiply equation (|2.19j) by ipo, 
integrate on R and then integrate by parts: 

*o(*)= / v tt {t,s)4> {s)ds 



R 



2MF 

r(sf 



v ss — rrj^ ) 1P0 ds + / f\v\ p ip ds 



v yipa - ^^^0^) ds + J f\v\ p ^ ds; 
from (j.S.8|) . we obtain 

F^'(t) = J f\v\ p ip ds + D J vW(s)ds 



(3.39) 



U(t) p + D J vW(s)ds, 
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where 

x*r( ^ 2MF 
r(s) 

Now let note that as r goes from 1 to oo, s varies in the whole real line. 
Moreover, s(r) is strictly increasing, thus the same holds for r = r(s) and 
from (|2.7j) we have 

s if s — ► oo, 

2M + e s /( 2M ) if s -> — oo, 



(3.40) r = r(s) 

which yields 



F f s - ^^ 1 ) if s —> oo 

(3-41) /(,) 



(3.42) W(s) 



risf- 1 \e s /( 2M ) if s - 
2MF f s" 3 ifs^oo, 



oo, 



r(s) 3 | e ,/(2M) if 5^-00 

and in particular 

{ 2(P+1) 
P " for °° <d + N 
e 2M p- 1 for s < J 

so, from the Holder's inequality, we get 
vW> - [ \v\W 



-2 



> -u(t){ I (my^wf 



p 
-i 



> -u(t) 

and finally 

F$(t) > U(tf - CU(t) 
for a suitable positive constant C . 

Now we are going to prove estimate l|3.13j) . Let observe that 



[l + sf fors>0 



(3.44) /-— Vo< f n <(1 + M); 

e 2M p-i for s < 



proceeding as before, we obtain 
Fi(t) < e"*/ 2M / \v\<p lt ls 



e 



' t/2M / (f>\vWo*) (rho'^i) ds 

J\s-s \^t+R V J V J 



, / t p_ / 3_ 3_ _p_ 

^ U(t) e 2A/p-i / / p-i^ p-^ipip-^ds 

\ J\s-s \^t+R 



p-i 
p 
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where, setting 
we have 

< J (l + s)^ie^^r for s ^ 0, 

~ 1 8 P~ 2 t p 

[ e^p- 1 e 2A/p-i f or s < o. 

Now we observe that for s — > — oo, ^ decreases exponentially, while as for 
as the behaviour at oo is concerned, we subdivide the domain of integration 
into two disjoint parts: 

D = {\s-s \ ^t + R} 

r D n{s<t- t e '}J u (l>o n {s ^ t - 1 6 '} 

= Df'uDf, 

we consider this partition for every e' > sufficiently small. If s € D\ , we 

s — t p _ t £ p 

have e 2M p- 1 ^ e 2M p- 1 , thus * decreases esponentially as s approaches to 
oo. On the other hand, if s E -Df i we have only s — t ^ so + R and so 

_ P^2 , 

W < sp- 1 is an increasing function on D\ as s — > oo. So, modulo a positive 
constant, we can estimate the integral of VP on {\s — sol ^ t + R} with its 
integral on Df (we consider i, and hence s, sufficiently large): 



Fi(t)<U(t)\ I s^ds 

D%' 



p-i 
p 



But Df C [i — t £ ' , t + so + R\; moreover, for (3 > a ^ 1 and 7 7^ —1, we 
have 



L 



s 1 ds < ((3 — a)a 7 , 



hence 



p-i 

t+S +R p _ 2 \ p p-2 



Remembering that Fi(t) > e, setting £0 — e'(p — 1) and taking the power 
p in both members, we get 

(3.45) U(t) p >e p (t + R) 2 - p - £0 ; 

this is the first part of estimate 1)3.13)1 . Let note that argueing as in the proof 
of lemma 1331 to obtain $FM . we get F (t) > e p (t + R) a > in [0,Ti[ and 
then in [0,T[. 
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To get the other part of 1)3.13(1 . we estimate Fq: 



F o(t) = / vtpods 
/r 



s—so\^t+R 



fpvip Q p J If p-ipo p J ds 



p-1 

p 



< ( I f\v\ p ifodsY ( [ r^iJods) 

p-1 

<U(t)( [ (l + \s\) 2 ds) V 

\J\s~s \^t+R J 
3(p-l) 

<U(t)(t + R) — ; 
taking the power p in both sides gives 
(3.46) U(t) p >(t + Rr 3 ^F (tf, 

and combining this inequality with 1)3.45(1 . we finally obtain needed estimate 

tup . 

We set Ti(e) = e c °/ e , C > 0, and a (e) = -(1 + Si)?i( e) - R , with 
6i G]0, 1[ such that Si < M; thanks to this choice, relation 1)3.16(1 holds, 
hence it remains to prove estimate ()3,17() in [0, T\ [. 

To begin, let observe that if t € [0, Ti[, suppv C {s < 0}, since s ^ 
sq + T\ + R = —5\Ti, thus we can consider only the negative part in 1)3.43(1 



and £HU). 

Recalling what done to get 1)3.15(1 . we obtain 



vW ^ -U(t) \ I {f^o)~~W^ 

s—S()\^t+R. 

p-l 

s p—2 \ p 

> -U(t) [ I e^/p-i ds 
>-U(t)e 2M — = -U(t)e~ 5Tl ; 



p-i 
p 



so, if we set 



s ' (f, - 2) ,]0,1[, 



2Mp 

from 1)3.39)1 we finally deduce 

F^(t)>U(tr-e-^U(t), 

which is estimate 1)3.17(1 . So we can apply lemma l3~21 and get that Fq blows 
up in finite time. 

Now, considering the asymptotic behaviours of tpo, we obtain 

J 1 + s if a > \ 

if s <0 P 1 + |S| 

and hence, thanks to the Cauchy-Schwartz inequality, we deduce 

*b(t)< / (l + \s\)\v(t,s)\ds<{t + Rf 2 \\v{t)\\v (n) . 

J \s-s \^t+R 
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Thus also v blows up in finite time and this concludes the proof, assuming 
the statements of the following section. 

4. Blow up with small initial data for p e]l, 2] 

First of all, we consider the case p g]1,2[; we want to apply the classical 
Kato's lemma 13.11 with q = 3{p — 1) and a = 4 — p — £q, where £o > 
sufficiently small. In particular, we assume 

(4.1) e <2-p. 

In this way, the relation (p — I) a > q — 2 is true also for p G]l, 2[. 

We also assume that sq > is very far from the black hole (in particular 
1)3. 5 jl still holds) and we consider only the region R+ = { s G R3 ; s > 
0}. In this region, estimates (|3.15f) and (|3.45j) still hold and thanks to our 
assumptions, (|3.45f) implies that definitely U(t) ^ 1, i.e. 

FZ(t)>U(ty>eP(t + R) 2 -P- £0 . 

Integrating twice, we get 

F (0>^(t + J R) 4 - p - £ . 
But also (|3.46|) still holds, hence we have 

F^t)>(t+Rr 3 ^F (tr, 

and so we can apply the lemma, provided the solution lives in R + . But this 
is true, since 

U(t) yeit + R)^ 1 > 1 

if and only if 

and the quantity in the right side is polinomial in e, while condition (|3,5j) 
guarantees that so(^) increases more rapidly than every polinomial as e — > 0; 
moreover, also T(e) is polinomial in e, hence 

s > s (e) -t-R^z s (e) - T(e) - R > 0. 

It remains to consider the case p = 2. In this situation, we do not need 
any hypothesis on sq{e). 

5. Appendix 

Our first step in this section is to consider the problem 

( -ip"{s) + H(s)(p(s) =0 seR, 

(5.1) { \<p(s) -bs\ <log(2 + s) fors^O, 
[ < <p(s) < 1 for s < 0, 

where the potential H(s) is assumed to satisfy 

(5.2) 0<H(s) < (l + \s\)- a 
for some a ^ 3. Our first result is the following. 
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Lemma 5.1. There exists a real number b > such that the problem 1)5.1)1 
has a positive solution </?o G C 2 (R) such that the limit 



D = lim ifo(s) 

s— »— oo 

exists, D > and f/ie following relation 

(5.3) (^o(s) — -D ~ |s| 2_a /or s — > — oo 

/toWs. 

Proof. Consider the Cauchy problem 

/ -y"(s) + H(s)y(s) = s G R, 
1 j I 2/(0) = 1, y'(0) = 0. 

This Cauchy problem has a unique solution y(s) G S 2 (R). A qualitative 
analysis of the equation and the assumption H(s) > show that the solution 
satisfies 

y'(s) > for s > 0, 
y'(s) < for s < 0, 

and hence 

y(s) > i 

for all real s. 

One can rewrite problem 1)5.4)1 in the form of the following integral equa- 
tion 

(5.5) y(s) = l + I(y)(s), 
where 

(5.6) I(y)(s) = / / H{$)y{$)d$d<j = j (s-#)H(0)y(#)d&. 

Jo Jo Jo 

We shall show that 

(5.7) \y(s) - d + s\ < log(2 + s) for s ^ 0, 

(5.8) \y(s)-ds\ <log(2 + |a|) for s < 0, 
where 

/■±oo 

d± = / H{$)y{-d) d#. 
Jo 

The assumption 1)5.2)1 shows that the integral operator I(y)(s) is well- 
defined and satisfies the estimate 



(5.9) 0<J(y)(a)<s/ H{&)y(ti)ffl\ 

Jo 

hence 1)5.5)1 implies the inequality 

(5.10) y(s)<l + s/ H(ti)y{ti)dd. 

Jo 

Now, let consider the case s ^ 0. The previous inequality yields 

roc 

(5.11) y{s)^l + sj H(d)y(d)d# = l + d + s. 

Jo 
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On the other hand, combining 1)5.5)1 and 1)5.1 1)1 . we get 

y(s) -l-d + s = s / if d<& - s / ff (tf)y(tf) dd 

JO Js 

&H($)y($)di}-d + s 



> 



ff(i%(tf)dtf- / tfff(tf)y(tf)dtf 
Jo 

d-d f s d$ 



(l+tff- 1 Jo (l + tf) a " 2 ' 



But, for each a ^ 3, we have also 



r^( 1 + 8 ) ' 



(1 + 1?) 
r s d$ 

/ o < log 2 + s 



(5.12) 



lo (l + i?) c 
and thus we deduce 

y(s) -1-d+s > -log(2 + s). 

From this equation and 1)5.1 1)1 . we finally obtain the precise asymptotic esti- 
mate ([5.7)1 . Analogously, we get the parallel result for s < 0. It is important 
to note that d + > and 

d- = - f ff (%($) di? < 0. 

i/ — oo 

In a similar way, we can consider the Cauchy problem 

-z"(s) + H(s)z(s) = s G R, 
0(0) = 0, z'(0) = 1. 

Obviously, this Cauchy problem has a unique solution z(s) £ 6 2 (R). The 
assumption H(s) > guarantees that the solution satisfies 

z'(s) > VsGR, 

so 

2(s) > for s > 

and 

z(s) < for s < 0. 
The integral equation 1)5.5)1 has to be replaced by 

(5.13) z(a) = s + I(z)(s) 

and the argument given in the proof of estimates 1)5.7)1 and 1)5.8)1 leads to 

(5.14) |z(s) -e+s| < log(2 + s) for s > 0, 

(5.15) |z(s)-e_s| <log(2 + |s|) for s < 0, 
(5.16) 

where 

/■±oo 

e± = 1 + / H{ti)z{$) d&. 
Jo 
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Note that e + > and 



f0 

1- / H(#)z(d)d& > 0. 



Setting 

(p(s) = e-y(s) — d-z(s), b = e_<i + — d-e + > 0, 
we take advantage of 1)5 .8|) and (|5.15p . and conclude that 

(5.17) \ip(s)\ <log(2 + H) for S <0, 
while from (|5.7|) and (|5. 14|l . we deduce 

(5.18) \ip(s) -bs\ <log(2 + s) fors>0. 

To improve estimate (|5.17[) . we note that ip(s) satisfies the integral equa- 
tion 

(5.19) p( S ) = ^(0) + V(0) + %>)(*)• 
As before, we have (for any s < 0) 

H($)^($)d$ + s / H(d)<p(#)d-& 

-oo J — oo 

$H(tf)<p(#)d'd- / $H($)y{'&)d'& 

-oo J — oo 

and then a combination between (|5.17|1 and the assumption (|5.2|) implies 

(5.21) a f H{$)\^)\d$<{l + \s\?- a \og{2 + \s\)<l, 

i-oo 

(5.22) f ^)|^)|^<(l + | S |) 2 - a log(2 + | S |)<l, 

J — oo 

so (|5~2T))l yields 



<p(s) - tp'(0) - / H(#)ip($) d$ s 



< 1. 



Comparing this estimate with ()5 . 1 7|) . we see that 

tp'(0)- / H^)^) d& = 0; 



so, setting 

(5.23) D = (p{0)+[ $H(ti)<p(<&)d'&, 

J — oo 

we use (|5.2()p , (j5.21|) , l|5.22|) and we arrive at 

(5.24) \ip(s)\ < 1 for s < 
and ipOj) . 

The function ip(s) is obviously positive near s = 0. Moreover, for ,s > 0, 
(^(s) increases and is positive. It is easy to show that f(s) ^ for all s < 0. 
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Indeed, if (f(so) < for some so < 0, then <p(si) < 0, y'(si) > for some 
s\ < 0, thus the equation 

y"{s) = H(s)<p(s) 

implies that 

ip(s) < 0, ip'(s) > 0, ip"(s) < for s < si. 

This contradicts ()5.24|l and shows that tp(s) ^ for all s < 0. 

The positiveness of D follows from the fact that (^(0) > 0, ip(s) ^ for 
all s e R and lt5~23l) . 

To complete the proof, let observe that we have indeed (p ^ D (thus cp ~ 1 
as s — >• — oo and tp > in R), since 

<p(s)-D=[ {s-$)H($)<p{-d)d$^0; 



from this relation and (|5.2|) . we also get 

<p(s) -d-J^ ]TT\^\f M ~ |s|2_a for s -°° 

and this prove 1)5.3)1 . ■ 

Lemma 5.2. There exists a positive function ipo £ C 2 (R) such that Gipo = 
in R and for some positive constants b and D we have 

Ms) - bs\ < log(2 + for s ^ 0, 

y?o(s) _ D ~ e s / 2A/ /or s — > -oo. 



Proof. Let ip satisfy 



,„ , IMF , , 
tp"(s) - -—^<p{s) = 0. 



is) 3 



Using the asymptotic estimates 1)2.70 . 1)2.8)1 of lemma ITT) we find 

F J s -3 if s — ► oo, 

and the claim follows from the argument of the proof of the previous lemma 
(with a = 3). The main modification concerns relation 1)5.21)1 . In fact the 
asymptotic expansion 1)5.25)1 for s < implies that 



<p(s)-D= I (s - &)H(0)<p(d) dtf 



( 5 - 26 ) - S /(2M) 



4M 2 



as s — ► — oo, and this leads to 

<po(s) -D~ e s ' 2M for s -»■ -oo. 

The rest of the claim follows directly from the assertion of the previous 
lemma. ■ 

Now we state a corollary of the Levinson's theorem (see [Jj, page 49, 
chapter 2 §5.4), which we shall apply to get the estimate for <p>\. 
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Proposition 5.1. Consider the equation 

n 

(5.27) + Ms)y (n ~ k) = 0, s G R + , 

fc=i 

where ak(s) G C°°(R + ) are complex-valued functions such that 

a k {s) = k + 7fc( s )> / |7fc(s)| (is < oo, 
ane? let qi,q2, ■ ■ ■ ,q n be the distinct roots of the equation 

q n + ^2(3 k q n - k = 0. 
k=l 

Then equation i,5.27\) has n linearly independent solutions 
Vj( s ), J = l,2,...,n, 
having the asymptotic expansion 

yf~ 1] (s) = q k f l e* s [l + o(l)] as s oo, 
where j,k = 1,2, ... ,n. 

Lemma 5.3. Given any A > 0, i/ie equation 

(5.28) (G + A 2 )<^(s) = 0, s£R 

admits a positive solution (f\ G C 2 (R) smc/i i/ia£ (s) ~ e As as\s\ approaches 
oo. 

Proof. According to proposition 15.11 and relation (|5,25p . there exists a 
solution ^ i of ()5.28jl such that (fi{s) ~ e" 45 as s — > — oo. Prom 

„ / 2MF „ 9 \ 2MF „ 9 

and a qualitative study, we get 

(5.29) (p'l(s) > and thus 921 (s) > 0, (p[(s) > 

for each s G R. Now, from Proposition 15. II for s — > +oo, we deduce 921(5) ~ 
Ae A s + //e - " 45 for suitable A, /x G R and s — ► +00. The property 1|5.29|) 
guarantees that A > 0, so it is necessarily ip\ (s) ~ e" 4 * for s — > +00 and the 
proof is finished. ■ 

Lemma 5.4. Le< Fi &e defined as in \H.6}) . Then F\{t) > e holds for all 
t ^ 0. 

Proof. We multiply the equation (j2.19|) by ip(t, s) = e _i / 2A/ ipi(s) and 
integrate over R in s and over [0, r] in t: 

/ / ( v t t ~ v ss + 2MF n V ) tfjdsdt= I I f\v\ p tpdsdt. 
Jo JR V r(s) / Jo 

Note that the initial data in l|2.19j) are compactly supported due to l|2.2()j) 
and a finite dependence domain argument for the equation (|2.19p implies 
that v(t, s) has compact support in s for t bounded. Further, we have the 
following regularity assumption 

W Gn| =0 e fc ([o,r[;H 2 - fc (R)) 
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for the solution of 1)2. so we can apply an integration by parts argument 
and obtain 



( , , 2MF , 
v[ipu- Wss + 3 ^ ) as dt + 

o Jn \ r(s) 



f\v\ p ip dsdt 



(v t i> - vipt) ds 



R 



t=T 



JR 

(vtip - vipt) ds 



R 



t=0 



The right side of this equality can be rewritten as 



(v t i> - vtpt) ds 



R 



t=T 

(v t ip + vipt) ds 



(v t ip - vtpt) ds 



R 



R 



t=T 



t=0 



2 / vtpt ds 



R 



— / vipds + 2 I vtjj ds — I (vo + v\)(pids 



e t (v t (fi + vipi) ds 



t=o 



R 



R 



R 



due to the property ipt = —ijj/2M. The relation 

i>tt ~ tpss + 2MFr{ S y' i ij = e^ 2M (g + ^ = 

implies 



JR 



2MF 

v [iptt- il>ss H ttt^ ) dsdt = 0; 

r(s) 



so, being 



we arrive at 



F 1 (t)=e~ t / 2M / v(t,s)i Pl (s)ds, 



R 



F{{t) + 2Fi(t) = I [ f\v\ p ^dsdt + [ (vo + v^ds. 
Jo Jn jr 

The right side of this identity is greater than e multiplied by a positive 
constant (since ipi > and J Vj ds ^ e, j = 0, 1), so we get 

F{(r) + 2F 1 (r)>e. 

Now, we multiply both sides by e 2r obtaining 

^(e 2 ^(T))>e 2 ^ 

and integrating on r G [0, t] we deduce 

e 2t F 1 (t)>F 1 (0) + s(e 2t -l), 

namely 

^iW >^i(0)e" 2 ' +e-ee~ 2t > e, 
because -Fi(O) = J uo^i > 0. ■ 
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